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In this paper we study the compatibility of Cohen–Lenstra heuristics with
Leopoldt’s Spiegelungssatz (the reflection theorem). We generalize Dutarte’s
([1983, in ‘‘Théorie des nombres, Besançon, 1983–1984’’]) work to every prime
number p: He proved the compatibility of the Cohen–Lenstra conjectures with the
Spiegelungssatz in the case p=3. We also show that the Spiegelungssatz is compa-
tible with the conjectural probabilities on the p-rank of some subgroups of the class
group of a cyclic extension of degree q over Q, where q is a prime number dividing
p−1. © 2001 Elsevier Science (USA)
INTRODUCTION
The problem of the distribution of class numbers and class groups has
been important since Gauss. There have been a number of experimental
observations of class groups of number fields made over the years.
In order to explain these empirical observations, Cohen and Lenstra [1]
introduced in 1983 a heuristic principle that succeeded in predicting the
statistical distribution of ideal class groups of imaginary quadratic number
fields and totally real abelian number fields. Their simple conjectures suc-
ceeded in explaining a number of puzzling empirical observations. Many
numerically verified ‘‘facts’’ are a precise consequence of the Cohen–
Lenstra conjecture. Cohen and Lenstra’s conjectures are convincing enough
to provide us with very satisfactory answers to many questions about class
groups. However, their conjectures have not been proven except in a few
cases.
Dutarte [6] in 1984 supported the validity of Cohen and Lenstra’s
conjectures by showing that the conjectural probabilities on the 3-rank of
the class groups of quadratic fields are compatible with Scholz’s theorem, a
special case of Spiegelungssatz. In more detail, let K=Q(`m ) and
K˜=Q(`−3m ) , where m is a positive integer. In fact, K˜ is a reflection
field of K. Actually, Dutarte showed the compatibility by assuming
probabilistic independence and a law of equiprobability concerning the
behavior of units. This calculation confirms the internal consistency
of Cohen–Lenstra’s conjectures and hence supports the validity of their
conjectures.
In our work, we generalize Dutarte’s work to every prime p. Leopoldt’s
Spiegelungssatz (Reflection Theorem) compares the p-rank of the class
group for Q(`m ) with the p-rank of the component of the class group for
Q((zp−zp −1)`m ) corresponding to some nontrivial character. We prove
that the conjectural probabilities on the p-rank of the class group of a
quadratic field and the p-rank of a certain subgroup of the class group of a
cyclic extension of degree p−1 of Q are compatible with the Spiegelungs-
satz for every prime p.
Furthermore, we prove that the Spiegelungssatz is compatible with the
conjectural probabilities on the p-rank of some subgroups of the class
group of a cyclic extension of degree q over Q, where q is a prime number
dividing p−1.
This paper is based on my doctoral dissertation, directed by Dr. Michael
Rosen, and written at Brown University. In another paper, we consider
these same questions with respect to function fields and we show that the
compatibility is true in this case as well.
1. SPIEGELUNGSSATZ AND COHEN–LENSTRA HEURISTICS
1.1. Leopoldt’s Spiegelungssatz (The Reflection Theorem)
In what follows we briefly explain the Spiegelungssatz (Reflection
Theorem) which was proved by Leopoldt. Let p be an odd prime, and let K
be a normal algebraic number field which contains a primitive pth root of
unity, denoted by z. G is the Galois group of K/Q. It is assumed
throughout this section that p h [K : Q].
Let ClK/ClK p be the quotient of the class group of K modulo its
subgroup of pth powers. Then, in fact, ClK/ClK p is isomorphic to ClK(p)
as F[G]-modules, which denotes the maximal elementary p-subgroup of
the class group of K. The action of the Galois group on ideal classes
induces on ClK(p) the structure of an F[G]-module (F denotes the field of
p elements). We have a direct sum decomposition ClK(p)=;f ClK(p)f
corresponding to central orthogonal idempotents, where ClK(p)f=
efClK(p). Leopoldt shows that these components can be paired in such a
way that if ClK(p)f and ClK(p)fŒ are paired, the ranks of ClK(p)f and
ClK(p)fŒ are very closely connected with each other.
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Furthermore, any F[G]-module M has a direct sum, M=;Mf, where
Mf=efM is the sum of the irreducible F[G]-submodules of M, which are
not annihilated by ef. If k ] f, then ekMf=0.
Definition 1.1. The G-rank of an F[G]-module M is the number of
irreducible modules in a decomposition of M as a direct sum of irreducible
submodules.
Notation.
p an odd prime
z any primitive pth root of unity
K a normal algebraic number field containing z, of degree prime to p
G Gal(K/Q)
F Z/(p)
f a character of an irreducible F[G]-module
q an absolutely irreducible character, f=tr(q)
g the character of G afforded by z, s(z)=zg(s)
ClK(p) the quotient of the ideal class group of K modulo pth powers
N the maximal abelian extension of K of exponent p which is
unramified everywhere.
A Gal(N/K)
WN {x ¥Ng : xp ¥Kg}
W WN/Kg
E group of units in K
E0 ‘‘primary unit subgroup’’ of E/Ep (see Definition 1.5 for details.)
rf the G-rank (i.e., number of irreducible summands as G-modules)
of (ClK(p))f
df the G-rank of (E0)f (=efE0)
s, c elements of G
s, t elements of Gal(N/Q)
It is easily shown that N is normal over Q. Define an action of G on A as
follows: Given s ¥ G, let s be any element of Gal(N/Q) such that s restricts
to K as s does; then sa=sas−1. This definition is easily seen to be
independent of the choice of s to represent s. G also acts on ClK(p), as
mentioned earlier. From the class field theory we have the following fact.
Theorem 1.2. There is a G-isomorphism between ClK(p) and A.
Using the character g as defined before, we can associate to any char-
acter f another character, its reflection denoted f −, defined by f −(s)=
g(s) f(s−1). (This f − is indeed a character, namely the product of g and fg,
fg(s)=f(s−1); the character fg is afforded by the dual of the module that
affords f.) Observe that (f −) −=f.
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G acts on W in the following way: Let w=wKg ¥W, s ¥ G, and s ¥
Gal(N/Q) as before. Define sw=s(w) Kg. We can show that sw is well-
defined. Since W is an abelian group of exponent p, F acts on W and W is
an F[G]-module.
We consider a pairing as follows. Let w=wKg ¥W and a ¥ A. Then
wa−1 is a pth root of unity and depends only on w, not on the representa-
tive w. The pairing O , P: A×W0 OzP is defined by Oa, wP=wa−1.
Because N/K is a Kummer extension and z ¥K, the pairing above is
nondegenerate.
Lemma 1.3. For all a ¥ A, w ¥W, and s ¥ G,
Osa, swP=sOa, wP=Oa, g(s) wP.
For any character f, Oefa, wP=Oa, efŒ wP.
Proof. Refer to [12]. L
Proposition 1.4. The G-ranks of (ClK(p))f, Af, and WfŒ are equal.
Proof. Refer to [12]. L
Definition 1.5. A unit u ¥ E is primary provided that the extension
K(u1/p)/K is unramified at every prime. The set of primary units of
E is called the primary unit group of E. Let E0 ı E/Ep be the subgroup
generated by the images of primary units.
Recall that ef and df have been defined as the G-ranks of (ClK(p))f and
(E0)f, respectively.
Theorem 1.6 (Spiegelungssatz–the Reflection Theorem). For each pair
(f, f −) of characters,
−df [ rf−rfŒ [ dfŒ.
Proof. Refer to [12]. L
Lemma 1.7. Let K be a Galois extension of Q such that Gal(K/Q)=G,
p h |G| , and f is a character of G. Let Kf be the subfield of K fixed by the
kernel of f and let ClKf (p) be the p-part of the class group of Kf. Then
(ClK(p))f Q (ClKf (p))f induced by the norm is an isomorphism.
Proof. Let Nf: ClK(p)0 ClKf (p) be the map induced by the norm
from K to Kf, and let if: ClKf (p)0 ClK(p) be the map induced by the
inclusion Kf ıK. Then
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if(Nf(x))= D
s ¥Ker f
s(x) for x ¥ ClK(p)
and
Nf(if(y))=yn for y ¥ ClKf (p),
where n is the order of Ker(f). As p h |G|, n is relatively prime to p, so the
map yQ yn is an automorphism of ClKf (p); thus, the second formula
shows that Nf is surjective (i.e., that Nf(ClK(p))=ClKf (p)), and that if is
injective (since the map yQ yn is an automorphism of ClKf (p)). It is easy
to verify that both Nf and if are G-module maps, and therefore Nf induces
a surjective map (ClK(p))f Q (ClKf (p))f. Moreover, this map is also injec-
tive, since if x ¥ (ClK(p))f, then if(Nf(x))=<s ¥Ker f s(x)=xn: if x ] 1
then xn ] 1, since p h n.
Consequently, we have (ClK(p))f 4 (ClKf (p))f. L
The next result is classical, due to Scholz. In fact, it is the special case of
Leopoldt’s Spiegelungssatz.
Corollary 1.8. Let m > 1 be a square-free integer. Let rf be the 3-rank
of the ideal class group of Q(`m ) and rfŒ be the 3-rank of the ideal class
group of Q(`−3m ) (=Q(`−m/3 ) if 3 | m). Then rf [ rfŒ [ rf+1.
Proof. Let K=Q(`m , z) and Gal(K/Q)={1, s, y, sy}, where y(z)=
z−1, y(`m )=`m , s(`m )=−`m , and s(z)=z. Let g be the char-
acter of G such that g(s)=1, g(y)=−1; and let f be the character of G
with f(s)=−1, f(y)=1. Then f −, the reflection character of f satisfies
f −(s)=f −(y)=−1, Kf=Q(`m ) and KfŒ=Q(`−3m ). This case is the
p=3 case of Leopoldt’s Spiegelungssatz. df [ 1 since the unit group of Kf
has rank 1 and dfŒ=0 because the unit group of KfŒ is finite of order prime
to 3. From Leopoldt’s Spiegelungssatz, it follows that rf [ rfŒ [ rf+1. L
1.2. Cohen–Lenstra Heuristics
In this section we introduce some basic notions about Cohen–Lenstra
heuristics. In fact, there have been a number of puzzling empirical obser-
vations made over the years. For example, the odd part of the class group
of an imaginary quadratic number field is nearly always found to be cyclic
and the class number of an imaginary quadratic field is divisible by 3 in
significantly more than one-third of the cases. In more detail, if p is a small
odd prime , the proportion of imaginary quadratic fields whose class
number is divisible by p seems to be significantly greater than 1p (for
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example, 43% for p=3, 23.5 % for p=5). Furthermore, a definite nonzero
proportion (close to 76%) of real quadratic fields of prime discriminant has
class number 1. In fact, we do not even know whether there are infinitely
many.
Cohen and Lenstra wanted to explain those puzzling observations about
class groups of number fields based on their heuristics, so in 1983 Cohen
and Lenstra [1] introduced a heuristic principle that succeeded in predict-
ing the statistical distribution of ideal class groups of imaginary quadratic
number fields and totally real abelian number fields. In addition, they gave
a large number of conjectures about the asymptotic behavior of class
groups which follow from their heuristic assumptions using the theory
about finite modules over certain Dedekind domains and analytic results.
For more details we introduce some notations as follows.
Notation.
• A= the ring of integers of a number field.
• P= the set of nonzero prime ideals of A
• Np= #(A/p), the norm of p for p ¥P
• G= a finite A-module, p ¥P
• rp(G)= the p-rank of G, i.e., the dimension of G/pG as A/p-vector
spaces.
• for a finite A-module G, the weight of G is defined by
W(G)=W.(G)=1/(#AutG),
where AutG is the group of A-automorphisms of G.
• For p ¥P,
gk(p)= D
1 [ i [ k
(1−Np−i)
g.(p)=D
1 [ i
(1−Np−i)
• C.=Ress=1(zA(s))< i \ 2 zA(i), where Ress=1(zA(s)) is the residue at
s=1 of the function zA(s) and zA(s) is the Dedekind zeta function of the
ring A.
• qA(G); the A-cardinal of a finite A-module G, denoted by qA(G) is
an ideal of A defined as follows: Every finite A-module G has a composition
series, so that each factor has the form A/p for a prime ideal p. Define
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qA(G) to be the product of these prime ideals. This is well-defined by the
Jordan–H¨older Theorem (For example, when A=Z, qZ(G)=nZ, where
n=|G|. In the general case, #G=N(qA(G)).)
• ;G(a) is used as an abbreviation for summing over all A-isomor-
phism classes of modules G such that qA(G)=a.
• ;G(a), fu is used as an abbreviation for a double sum, which is a sum
over all A-isomorphism classes of modules G such that qA(G)=a and a
sum over f’s belonging to HomA(Au, G) , where u is a nonnegative integer
and Au=A À A À · · · À A (u copies of A).
u-Probabilities and u-Averages
Let f be a complex-valued function defined on isomorphism classes of
finite A-modules. We define the u-averageMu(f) of f as follows:
Mu(f)= lim
qQ.
;Na [ q (Na)−u (;G(a), fu f(G/Im f) W(G))
;Na [ q (Na)−u (;G(a), fu W(G))
.
Remark 1.9. When f is the characteristic function of a property P (i.e.
f=1 if P is true, f=0 if P is false) we say the u-probability of P instead
of the u-average of f.
There is a very useful theorem which provides us with the distribution of
^-ranks of finite A-modules, where ^ is a prime ideal of A.
Theorem 1.10. The u-probability that the ^-rank of a finite A-module is
r is equal to
(N^)−r(r+u) g.(^)/gr(^) gr+u(^).
Proof. See [1]. L
THE FUNDAMENTAL HEURISTIC ASSUMPTIONS
Let C= abelian group of order N , and let r1, r2 be chosen such that
r1+2r2=N (In fact, either r1=0 or r2=0.) A=AC denotes the maximal
order of the ring Q[C]/(;g ¥ C g). We know that AC is unique, and that it
is a product of a ring of integers of number fields.
Furthermore, we let T=TC, r1, r2 be the set of abelian extensions of Q
with Galois group C, r1 real places, and 2r2 complex ones. We assume that
the set of fields in T is ordered by the absolute value of the discriminant,
and in the cases of an equal discriminant any ordering is fine.
If K ¥T and Cl{N}K denotes a part of the class group of K which is prime
to N, then Cl{N}K is a finite AC-module. Therefore, if we suppose that f is a
function defined on isomorphism classes of finite AC-modules (of order
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prime to N if necessary), then we can define the average of f on the prime
to N part of the class groups as the limit, if it exists,
M(f)= lim
xQ.
;K ¥T, |D(K)| [ x f(Cl{N}K )
;K ¥T, |D(K)| [ x 1
,
where D(K) is the discriminant of K.
Cohen and Lenstra made the following conjectures about the totally real
number fields case and the totally imaginary quadratic number fields case
based on their heuristics.
For all ‘‘reasonable’’ functions f (including probably nonnegative
functions) we have:
1. TheComplexQuadraticCase. If r1=0, r2=1, thenM(f)=0-average
of f restricted to AC-modules of order prime to N. (Here, in fact, AC=Z,
N=2)
2. Totally Real Case. If r1=N, r2=0, then M(f)=1-average of f
restricted to AC-modules of order prime to N.
In both cases, we take the u-average, where u is the AC-rank of the unit
groups. From the Cohen–Lenstra heuristic assumptions we can obtain
many conjectural statements about the distribution about the class groups
of number fields by applying the theory about finite modules over certain
Dedekind domains and analytic results. Now we introduce some of the
consequences from the Cohen–Lenstra conjectures in the following, which
will be used for our main results.
K will denote the odd part of the class group; and rp(K) will be the
p-rank of K, where p is an odd prime. All constants and zeta functions are
relative to A=Z.
In the complex quadratic fields case, the probability that rp(K)=r is
equal to
p−r
2
g.(p) D
1 [ k [ r
(1−p−k)−2.
On the other hand, in the real quadratic fields case, the probability that
rp(K)=r is equal to
p−r(r+1)g.(p) D
1 [ k [ r
(1−p−k)−1 D
1 [ k [ r+1
(1−p−k)−1.
Remark 1.11. As we saw in this section, Cohen and Lenstra’s conjec-
tures are about Galois extensions of the rational field Q. On the other
hand, in 1990 Cohen and Martinet [2] generalized the Cohen–Lenstra
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conjectures to arbitrary extensions of number fields, even to the non-Galois
case. In addition, the base field does not have to be rational in their work.
They have obtained the numerical results about all types of extensions over
Q of degree [ 4 (see [3] for details). We refer the reader to [2]for details
about Cohen and Martinet’s work.
1.3. Dutarte’s Work: The Compatibility of the Cohen–Lenstra
Conjectures with Scholz’s Theorem
In 1984 Dutarte [6] showed the coherence of the probabilistic statements
of Cohen and Lenstra concerning 3-ranks of class groups of quadratic
fields by using the theorem of Scholz. The theorem of Scholz is a special
case (i.e., the case p=3) of Leopoldt’s Spiegelungssatz. In other words, he
showed that the theorem of Scholz is compatible with Cohen and Lenstra’s
conjectures in a special case. This compatibility confirms the internal con-
sistency of Cohen–Lenstra heuristics, so it gives support for the validity of
their conjectures. In this section we will briefly describe his work.
Let m be a positive square-free integer, K=Q(`m ), and K˜=
Q(`−3m ). Assume that 3 does not divide m. (We need this restriction on
m to define a one-to-one correspondence map k in the following) Assume
that this restriction does not affect the probabilities about the 3-rank of
class groups of real quadratic fields and imaginary quadratic fields.
Q(`−3 ,`m )
:
K=Q(`m ) Q(`−3 ) K˜=Q(`−3m )
:
Q
The theorem of Scholz compares 3-ranks of class groups of K and K˜. Let
r be the 3-rank of ClK and r − be the 3-rank of ClK˜. The field K˜ is the
reflection field of K as we saw in Corollary 1.8. Then the Scholz theorem
says that either r −−r=0 or r −−r=1.
Let W be the set of real quadratic fields unramified at 3 and W − the set
of imaginary quadratic fields ramified at 3 (with Q(`−3 ) omitted). We
assume that this restriction on quadratic fields does not affect the proba-
bilities conjectured by Cohen and Lenstra. We have a one-to-one corre-
spondence between W and W − as follows: k: W0W − is the map that sends
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K=Q(`m ) to K˜=Q(`−3m ). The map k preserves the ordering of the
setW, since 3 hm and hence K is unramified at 3.
Furthermore, consider the following maps that evaluate the 3-ranks of
class groups:
r: WQN
KQ 3-rank of ClK(3), and
rŒ: WŒQN
K˜Q 3-rank of ClK˜(3).
From the theorem of Scholz we define the map
d: WQ {0, 1}
by
d(K)=0 if 3-rank(ClK˜)=3-rank(ClK)+1
(i.e., r − p k(K)=r(K)+1), or by
d(K)=1 if 3-rank(ClK˜)=3-rank(ClK) (i.e. r − p k(K)=r(K)).
Recall what we mean by ‘‘probability’’ from Section 1.2. When f is the
characteristic function of a property P (i.e. f=1 if P is true while f=0 if
P is false), we say the probability of P instead of f; thus, if f is the
characteristic function of a property P, then we define the probability of P
(onW) to be
P(P)= lim
xQ.
;D(K) [ x f(ClK)
;D(K) [ x 1
,
where D(K) is the discriminant of K.
In a similar way P −(P) denotes the probability of P on the set W −. By the
bijective map k we obtain information about W using information about
W −, and reciprocally. We treat r and d as if they were random variables. In
fact, r and r − have a relation given by the theorem of Scholz: i.e.,
for K ¥W, r − p k(K)=r(K)+1−d(K).
That is to say, we have
r − p k=r−d+1. (1)
The probabilities P over W and P − over W − are connected by k according
to the formula
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P(S)=P − p k(S), (2)
for a ‘‘nice’’ subset S of W (refer to [6] for more detail). Now, starting
from the probability given by Cohen–Lenstra heuristics, that the 3-rank of
the class group of K is equal to a (i.e., P(r=a)), we want to deduce the
probability that the 3-rank of the class group of K˜ is equal to a (i.e.,
P −(r −=a)), by applying the formulas (1) and (2). Then we compare the
deduced probability about K˜ with the probability conjectured by Cohen
and Lenstra for imaginary quadratic fields.
The value r − is completely determined by the values of r and d as we see
in (1). Scholz’s Theorem says that either d=0 or d=1, depending on the
3-ranks of the unit groups of K and K˜. If we assume that r=a, then
according to (1) we have the following relations either
d=0 and r −=a−1
or
d=1 and r −=a.
Therefore, the probability that the 3-rank r − of ClK˜ is equal to a is
obtained as follows:
P −(r −=a)
=P(d=0, r=a−1)+P(d=1, r=a)
=P(r=a−1) ·P(d=0 | r=a−1)+P(r=a) ·P(d=1 | r=a). (f)
Cohen–Lenstra heuristics give us the probability about the 3-rank of
ClK; the probability that the 3-rank r of ClK is equal to a is given by
3−a(a+1)g.(3) D
i=a
i=1
(1−3−i)−2 (1−3−(a+1))−1, (3)
as we saw in Section 1.2.
In order to find the conditional probability part of (f), first of all we find
out the probability that d takes 0, knowing that r takes the value a. In
order to obtain the conditional probability P(d=0 | r=a), Dutarte
assumed probabilistic independence and a law of equiprobability concern-
ing the behavior of units. He obtained
P(d=0 | r=a)=1/3a+1. (4)
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Therefore, we have
P(d=1 | r=a)=1−1/3a+1. (5)
Using the conditional probabilities (4), (5) and the formula (3) by
Cohen–Lenstra heuristics, (f) can be computed. Finally, we have the
probability that the 3-rank r − of ClK˜ is equal to a as follows:
3−a
2
·g.(3) ·D
i=a
i=1
(1−3−i)−2. (6)
The probability (6) about K˜ that he obtained in such a way is exactly the
same result conjectured by Cohen and Lenstra for imaginary quadratic
fields as we saw in Section 1.2. In an analogous way he obtained the
expression about the 3-rank of r of ClK being a (i.e., P(r=a)), by starting
with the expression about the probability that the 3-rank r − of ClK˜ is a (i.e.,
P −(r −=a)), and applying the theorem of Scholz. The value of P(r=a)
computed in this way turns out to be equal to P(r=a) computed using
Cohen–Lenstra heuristics for real quadratic fields.
As we mentioned before, Dutarte showed the compatibility assuming
probabilistic independence and a law of equiprobability concerning the
behavior of units. In addition, he showed supportive justification for his
assumption about the units.
2. COMPATIBILITY IN THE CASE OF NUMBER FIELDS
2.1. The Spiegelungssatz in the Case of Number Fields
As in the previous section, Dutarte showed that probabilities about the
3-ranks of class groups of quadratic fields are compatible with the
Spiegelungssatz. His work was restricted to the p=3 case. In this section
we generalize Dutarte’s work to every prime p. We prove that the conjec-
tural probabilities on the p-rank of the class group of a quadratic field and
the p-rank of a certain subgroup of the class group of a cyclic extension of
degree p−1 of Q are compatible with the Spiegelungssatz for every prime p.
First, we introduce some notations and some brief preliminary informa-
tion. Let p be an odd rational prime and zp be a primitive pth root of unity.
Let K=Q(`m ) , K˜=Q((zp−zp −1)`m ), and L=Q(zp,`m ), where m
is a square-free integer. Assume that p does not divide m. Then p is unram-
ified in Q(`m ) and p is totally ramified in Q(zp), so that Q(`m ) 5
Q(zp)=Q.
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LOy · s p−1/2P : OyP OsP
K˜ Q(zp) K
:
Q
Let s be an element of Gal(L/Q) defined by s(zp)=zp g and s(`m )=`m,
where g ¥ (Z/pZ) × is of order p−1. Then s generates Gal(L/Q(`m )).
Let y be the element of order 2 of Gal(K/Q). Then y maps `m to
−`m . Denote by g the cyclotomic character, g: GQ (Z/pZ) ×; g is
defined by g(y)=1 and g(s)=g, where G=Gal(L/Q).
Let q be a character of Gal(L/Q) such that q(s)=1 and q(y)=−1. By
definition q −=g ·q−1 is the reflection character of q. We have q −(s)=
g(s) ·q(s−1)=g and q −(y)=g(y) ·q(y−1)=−1. Hence, the kernel of q is OsP
and the kernel of q − is Oy · s (p−1/2)P.
In fact, K=Q(`m ) is the fixed field of L by the kernel of q and
K˜=Q((zp−zp −1)`m ) is the fixed field of L by the kernel of q −. Note that
[K˜ : Q]=p−1.
Definition 2.1. Let W˜ be the subgroup (and sub G-module) of
K˜ ×/K˜ ×p consisting of the elements a¯ such that a s ¥ agK˜ ×p and ay ¥ a−1K˜ ×p.
That is to say, W˜=eqŒ(K˜ ×/K˜ ×p) (recall that eqŒ is the idempotent corre-
sponding to q −).
Let C˜ − be the subgroup of W˜ consisting of the elements a¯ such that the
principal ideal generated by a in K˜ is the pth power of a fractional ideal F
of K˜ which is prime to p; i.e., (a)=Fp.
Let C˜ be the set of elements a¯ ¥ C˜ −, where a ¥ K˜ × satisfies vp˜(a−tp) \ p
for some t ¥ K˜ and where p˜ is the unique prime of K˜ which lies above p.
Let E˜ be the subgroup of C˜ − consisting of the elements which are repre-
sentable by a unit of K˜. That is to say, E˜=C˜ − 5 (EK˜/EK˜ p), where EK˜ is a
unit group of K˜.
Let r˜ and r be the p-ranks of the ideal class groups of K˜ and K; respec-
tively, and r˜ − be the p-rank of (ClK˜(p))qŒ, where (ClK˜(p))qŒ is eqŒClK˜(p),
i.e., the subgroup of ClK˜(p) consisting of the ideal classes h˜ such that
h˜s=h˜qŒ(s) for s ¥ G(K˜/Q).
Remark. We define W˜ slightly differently from that in Gras’ work. Gras
defined W˜ by eg(K˜ ×/K˜ ×p).
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We need the following theorem for the proof of Theorem 2.3.
Theorem 2.2. Let K be a field containing zp for a prime p. Then
K(p`m)/K is unramified if and only if m is the pth power of an ideal in K, and
at the same time, provided m is chosen relatively prime to p, the congruence
m — tp ( mod (1−zp)p) can be solved by some number t in K.
Proof. You can refer to [9]. L
Remark. The following theorem is given by Gras [7], and a special
case of the Spiegelungssatz is contained in this theorem. However, we have
proved it in a different and more explicit way. To show our compatibility
in other cases which will be considered later, we need to show that this
theorem still holds. Our proof continues to work in these cases.
Theorem 2.3. The Fp-vector spaces CK(p), (CK˜(p))qŒ, E˜, C˜ −, and C˜ have
the following properties :
(i) C2 is isomorphic to ClK(p) as Fp-vector spaces.
(ii) The sequence 1Q E˜Q C˜ −0
k
(ClK˜(p))qŒ Q 1 is exact, where
k is a homomorphism k: C˜ −Q (ClK˜(p))qŒ : If a¯ ¥ C˜ − then (a)=Fp. Then
k(a¯) is the ideal class of F.
(iii) E˜ is of dimension 1 (resp. 0) when K˜ is real (resp. imaginary).
(iv) C˜ is a subspace of C˜ − of codimension less than or equal to 1.
Proof. To prove (i) C2 5 ClK(p) as Fp-vector spaces, consider a maximal
abelian unramified elementary p-extension KH of K. Recall that L=K(zp).
LH
:
KHL
:
KH :
: ::
L
K
Let LH be a maximal abelian unramified elementary p-extension of L.
We know that p is unramified inKH while p is totally ramified in L/K. Hence
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KH 5 L=K. From Class Field Theory it follows that Gal(KH/K) 4
ClK(p) and Gal(LH/L) 4 ClL(p).
To show C2 4 ClK(p) we define the set C as follows.
Let C be the subgroup of L ×/L ×p consisting of the elements a¯ which
satisfy the following two conditions:
1. The principal ideal generated by a in L is the pth power of a
fractional ideal of L which is prime to p .
2. For any prime ideal p˜ above p in L there exists t ¥ L such that
vp˜(a−tp) \ p.
Then eqŒC=C2 . (Note that L ×/(L ×)p (q −)=K˜ ×/(K˜ ×)p (q −), since q − is
trivial on Gal(L/K˜).)
By Kummer theory and Theorem 2.2, there is a nondegenerate pairing
Gal(LH/L)×C0 mp= pth roots of unity, Oh, a¯P=h(a
1/p)/a1/p ;
If a ¥ C, then by Theorem 2.2 L(a1/p)/L is unramified and so a1/p ¥ LH;
therefore the map is well-defined.
It is easy to verify that LH/Q is Galois. Furthermore, Gal(LH/L) is
normal in Gal(LH/Q) since L/Q is normal. Hence Gal(L/Q) can act on
Gal(LH/L) by conjugation: Let h ¥ Gal(LH/L) and g ¥ Gal(L/Q).
Extending g to g˜ ¥ Gal(LH/Q), hg=g˜hg˜−1, which is independent of the
choice of g˜ since Gal(LH/L) is abelian.
It follows from Lemma 1.3 that there is an induced nondegenerate
pairing
eq Gal(LH/L)× eqŒC0 mp. (7)
From Class Field Theory it follows that
Gal(LH/L) 4 ClL(p) as Gal(L/Q)-modules.
Therefore, we have the following isomorphisms as finite abelian groups:
(ClL(p))q 4 eq Gal(LH/L) 4 eqŒC=C˜. (8)
In addition, by applying Lemma 1.7,
(ClL(p))q 4 (ClK(p))q 4 ClK(p). (9)
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The second isomorphism is true since ClK(p) is a class group of a
quadratic field K and so (ClK(p))q is the global class group. If we combine
the isomorphisms (8) and (9), then we get
C˜=eqŒC 4 (ClL(p))q 4 ClK(p).
Consequently, we conclude that C˜ 4 ClK(p) as Fp-vector spaces.
Part (ii) results essentially from the definitions. Now we show (iii). Let
EK˜ be the set of units in K˜, an exact sequence be 10 E
p
K˜0 EK˜0 K˜/K˜
p
and E=EK˜/E
p
K˜ + K˜/K˜
p. Then, E(q −)+ W˜=K˜/K˜p(q −). We have E(q −)+
C˜ − … W˜ since a¯ ¥ C˜ −. (a)=Fp for a ¥ W˜, where F is some fractional ideal
of K˜. In fact, E(q −)=E˜.
If K˜ is totally real, then from Minkowski’s theorem we have the
isomorphisms
EK˜ é Zp 4 Z[G]/(N)é Zp 4 Zp[G]/(N) 4 Â
k ] k0
Zp[G] ek,
where G=Gal(K˜/Q), k is a character of G, ek is an idempotent corre-
sponding to k, k0 is a trivial character, and (N) is an ideal generated by the
norm of G.
Hence, we have
EK˜/E
p
K˜ 4 Â
k ] k0
Z/pZ[G] ek.
Therefore, E(q −)=E˜=EK˜/E
p
K˜(q
−) is one-dimensional as Z/pZ-vector
spaces, so that we can conclude that EK˜ is one-dimensional if K˜ is totally
real.
On the other hand, if K˜ is totally imaginary, then q − is an odd character
(i.e., q −(j)=−1, where j is complex conjugation): so since p is odd,
E(q −) ı E−K˜/(E−K˜)p,
where E−K˜ is the relative unit group of K˜. But E
−
K˜ is equal to WK˜, the group
of roots of unity in K˜. Since the pth roots of unity do not lie in K˜, it
follows that E(q −) is trivial. Consequently, E˜ is 0-dimensional if K˜ is
imaginary.
Part (iv) is shown in proposition 2.8 of the next section. L
Corollary 2.4. We have the relation r˜ −=r−dim E˜+dim C˜ −/C˜, where
r˜ − is the p-rank of (ClK˜(p))qŒ and r is the p-rank of ClK(p).
2.2. Compatibility of the Cohen–Martinet Conjectures with
the Spiegelungssatz
In this section we will show that the conjectural probabilities on the
p-rank of the class group given by the Cohen and Martinet conjectures are
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compatible with the Spiegelungssatz. The original Cohen–Lenstra heuristics
were not sufficient for getting a conjectural statement about class groups of
a totally imaginary field. Hence, we need to apply Cohen and Martinet’s
work to obtain a conjectural statement about class groups of totally
imaginary fields.
Once we have the probability about the p-rank of a certain subgroup of
the class group of K˜ from Cohen and Martinet heuristics, we can deduce
the probability about the p-rank of the class group of a quadratic field K
by applying the Spiegelungssatz. The probability deduced in such a way is
exactly equal to the probability obtained by the Cohen–Lenstra heuristics.
Assume that m is a positive integer. Then K=Q(`m ) is totally real
and K˜=Q((zp−zp −1)`m )) is totally imaginary. If we suppose that p
does not divide m, then p is unramified in Q(`m ) and p is totally
ramified in Q(zp) and therefore, Q(`m ) 5 Q(zp)=Q. We assume that
this restriction on the choice of K does not affect the probability that the
p-rank of the class group of real quadratic number field K equals a. From
the Cohen–Lenstra heuristics (in Section 1.2) it follows that the probability
that the p-rank of ClK is equal to a is the same as
p−a(a+1) ·g.(p) ·D
i=a
i=1
(1−p−i)−2 · (1−p−(a+1))−1. (10)
We recall that g.(p)=<1 [ i (1−p−i).
Before we show the following Proposition 2.6 we need to state an
important result about unit groups of Cohen–Martinet (CM) fields. For a
proof we can refer the reader to Theorem 4.12 of [19].
Theorem 2.5. Let K be a CM-field and let E be its unit group. Let E+
be the unit group of K+ and let W be the group of roots of unity in K. Then
[E : WE+]=1 or 2.
Remark. As we mentioned before, in order to obtain a conjectural
statement about class groups of totally imaginary fields K˜, we need to
apply Cohen and Martinet’s work. In fact, the field K˜ we work with is a
CM-field and the part of the class group of K˜ in which we are interested is
contained in the relative class group ClK/K+(p), where the base field K+ is
not rational (K+ is the maximal real subfield of K). By applying Cohen–
Martinet’s heuristics we are able to obtain a conjectural statement about
the relative class group of a totally imaginary CM-field K˜.
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We prove the following Proposition by applying the Cohen–Martinet
heuristics. In order to show the compatibility between the Spiegelungssatz
and the Cohen–Martinet heuristics, we need this proposition.
Proposition 2.6. Assuming the conjectures of Cohen–Martinet, the
probability that the p-rank r˜ − of (ClK˜(p))qŒ is equal to a is given by
p−a
2
·g.(p) ·D
i=a
i=1
(1−p−i)−2. (11)
Proof. K˜ is the fixed field in L of the kernel of q −. Let G=Gal(K˜/Q)
and G1 denote the group of characters of G. Since G is cyclic of order p−1,
so is G1 . q − is a generator of G1 .
Since p does not divide |G|=p−1, ClK˜(p) is a semisimple module over
Z/pZ[G]. Hence, we have the decomposition
ClK˜(p) 4 Â
f ¥ G1
(ClK˜(p))f, (12)
where (ClK˜(p))f=ef(ClK˜(p)) and ef=
1
|G|;s ¥ G f(s) s−1 ¥ Z/pZ[G].
Furthermore, since G1=Oq −P we have
ClK˜(p) 4 (ClK˜(p))qŒ À (ClK˜(p))(qŒ)2 À · · · À (ClK˜(p))(qŒ)p−1. (13)
The following facts about Q[G] and its maximal order A are easily
checked.
Q[G] 4 Q[x]/(xp−1−1) 4 Â
d | p−1
Q(zd);
hence the maximal order A of Q[G] is isomorphic to Ád | p−1 Ad, where Ad
is isomorphic to the ring of integers Z[zd] of Q(zd). Let ed be the idempo-
tent corresponding to the factor Ad; i.e., Ad=edA. We will be concerned
with the ‘‘largest’’ factor Ap−1. Now p splits completely in Ap−1 4 Z[zp−1];
if ^ is a prime above p in Ap−1, then the sequence of homomorphisms
Z[G]Q Ap−1 Q Fp
(where the first map is multiplication by ep−1 and the second is reduction
mod ^) induces a character k: GQ Fp × of order p−1. Conversely, any
character kQ Fp × of order p−1 induces a homomorphism Z[G]Q Fp,
which factors through Ap−1 and whose kernel in Ap−1 is a prime ideal ^
lying above p. Hence, we get a one-to-one correspondence between primes
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above p in Ap−1 and characters of G (with values in Fp ×) of order p−1. Let
^ − be the prime ideal associated to q − in this correspondence. If we set
ClK˜(^ −) :={x ¥ ep−1ClK˜(p) : ^ −x=0},
then it is easy to check that
ClK˜(^ −)=(ClK˜(p))qŒ.
Hence, we conclude that the probability that the p-rank of (ClK˜(p))qŒ is
equal to a is the same as the probability that the^ −-rank ofClK˜(^ −) equals a.
In order to obtain the probability that the ^ −-rank of ClK˜(^ −) is equal to
a, we apply the Cohen–Martinet heuristics. We follow the notation in
Cohen and Martinet’s paper [2]. In this case, C is G=Gal(K˜/Q); S is the
set of primes dividing p−1; e=ep−1, where ep−1 is the idempotent in Q[C]
corresponding to the factor Q(zp−1), so ep−1Q[C] 4 Q(zp−1); D is the
maximal order of Q[C] containing Z[C] (note that D=A in the previous
notation); EK˜ is the unit group of K˜; and u=rke(K˜), where the e-rank of K˜
is the rank of the e(Q éD)-module e(Q é EK˜). (In fact, e(Q éD)=
Q(zp−1).)
Since K˜ is the fixed field of Ker q − and q −(j)=q −(s (p−1)/2)=−1, where j
is a complex conjugation, K˜=Q((zp−zp −1)`m )) is a CM-field. In addi-
tion, by Theorem 2.5 we have Q é EK˜ 4 Q é EK˜+. Thus, it is easy to verify
that e(Q é EK˜)=0. Thus, u=rke(K˜); the e-rank of K˜ is equal to
(0, ..., 0) ¥ Qm, where m is the number of divisors of p−1.
Therefore, according to Cohen–Martinet heuristics, we make an
assumption that the probability of a nice property is the same whether cal-
culated over the collection {K˜: K real quadratic, unramified at p} or over
the full set used by Cohen–Martinet, {M: Gal(M/Q) 4 C and the e-rank
of EM equals u}. (Here, e=ep−1 and u=(0, ..., 0) ¥ Qm.)
Hence, the probability that the ^ −-rank of ClK˜(^ −) equals a is equal to
(N^Œ)−a2 g.(^ −) D
j=a
j=1
(1−(N^ −)−j)−2
by Theorem 1.10, and to
p−a
2
g.(p) D
j=a
j=1
(1−p−j)−2,
since N^ −=p from the fact that the residual field degree for each ^ − is 1.
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Consequently, the probability that the p-rank r˜ − of (ClK˜(p))qŒ is equal to
a is given by
p−a
2
·g.(p) ·D
j=a
j=1
(1−p−j)−2. L
For our purposes we need to prove the following Proposition 2.8, which
is the (iv) statement of Theorem 2.3. To show this proposition, we need to
state a consequence about the structure of the principal units of p-adic
fields in the tamely ramified case. The result is due to Krasner [10]. (We
can refer to Rosen’s work [16] as well.)
Lemma 2.7. Let E/K be a Galois extension of p-adic fields with
group G. Suppose [E : K] is prime to p. Then the principal units of E as a
Zp[G]-module are the direct sum of the torsion subgroup and a free module
of rank n=[K : Qp].
Proposition 2.8. C˜ is a subspace of C˜ − of codim [ 1 .
Before we prove the proposition we need to introduce some notation.
Notations.
^ a prime of K˜ above p.
K˜^ the completion at ^ of K˜.
O^ the ring of integers of K˜^.
U^ (n)=1+^n the group of higher principal units for n=1, 2, ... .
(U^ (1))p the group of p-th powers of elements in U^ (1).
q^ |O^/^|
mn the group of n-th roots of unity in K˜^.
p^ a prime element of O^ , i.e. ^=p^O^=(p^).
We set (p^)={p^ m | m ¥ Z} for the infinite cyclic subgroup of K˜ ×^
generated by p^ .
Proof. We know that p is totally ramified in Q(zp) and unramified in
Q(`m ). Hence, it is easily verified that p is totally ramified in K˜ with the
ramification index e=p−1. The group K˜ ×^ has the direct decomposition as
follows: K˜ ×^=(p^)×mq^−1×U^
(1). Hence, every a ¥ K˜ ×^ can be written as
a=p^ m · u ·a^ in a unique way, where m is a nonnegative integer, u ¥ mq^−1,
and a^ ¥ U (1)^ . Then we define a map
f: C˜ −0 U^ (1)/U^ (e+1) · (U^ (1))p
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by f(a¯)=a¯^, where e is the ramification index of p in K˜. One can check
that f is a well-defined map.
Now we claim that the kernel of f is C˜. If we suppose that a¯ ¥ C˜, then
(a)=Fp for some fractional ideal F of K˜ which is prime to p. Thus, a is a
unit at ^. Furthermore, there exists t ¥ K˜ such that v^(a−tp) \ e+1 for
a prime ^ of K˜ above p. Thus, tp — a (mod ^e+1), which implies
(a/tp) ¥ U^ (e+1). Then a ¥ tp ·U^ (e+1). Therefore, we have a^ ¥ (U^ (1))p ·
U^ (e+1). Hence, we conclude that f(a¯)=0¯, which shows that C˜ ıKer f.
We claim that (U^ (1))p ·U^ (e+1)=U^ (p). Since e=p−1 , U^ (e+1)=U^ (p).
(1+p^x)p=(p^x)p+1p12 (p^x) (p−1)
+1p
2
2 (p^x) (p−2)+·· ·+1 pp−12 (p^x)+1
From the expansion of (1+p^x)p and the fact that the ramification
index of p in K˜^ is p−1, we have
(1+p^O^)p ı 1+p^ pO^=1+(p^)p=U^ (p).
Hence, (U^ (1))p ı U^ (p). Therefore, we have
U^ (e+1) · (U^ (1))p ı U^ (p)
Furthermore, the other inclusion is clear. Finally, we have
U^ (e+1) · (U^ (1))p=U^ (p).
Now we show that Ker f is contained in C˜. Suppose f(a¯)=0 . Then
from the fact that U^ (e+1) · (U^ (1))p=U^ (p) it follows that a^ ¥ U^ (p). Then
a^ ¥ 1+^p. Hence, n^(1−a^) \ p=e+1 , which shows that a satisfies the
second condition of C˜. In addition, a already satisfies the first condition of
C˜ since a ¥ C˜ −. Thus, a¯ ¥ C˜; we have shown that the kernel of f is equal to
C˜. Therefore,
C˜ −/C˜ 4 Image(f) ı U^ (1)/U^ (p).
In order to prove that C˜ has a codim [ 1 in C˜ −, we need to analyze
U^ (1)/U^ (p). For n \ 1, we have
U^ (n)/U^ (n+1) 5 Fp f,
where f is the residue class field degree.
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Since efg=[K˜ : Q]=p−1 and e=p−1 , fg=1 and so f=1. Hence,
we get |U^ (n)/U^ (n+1)|=p for n \ 1. Therefore, we have |U^ (1)/U^ (p)|
=pp−1. Now that p is prime to the order of G= Gal(K˜/Q); i.e., p−1,
U^ (1)/U^ (p) is a semisimple module over Z/pZ[G]. Therefore we can
decompose U^ (1)/U^ (p) into direct sums according to the idempotents of
Z/pZ[G]; i.e.,
U^ (1)/U^ (p)=Â
k ¥ G1
(U^ (1)/U^ (p))(k),
where G1 denotes the group of characters of G and (U^ (1)/U^ (p))(k)=
ek(U^ (1)/U^ (p)).
From Lemma 2.7 it follows that
U^ (1) 4 T À Zp[G]
as a Zp[G]-module, where T is the torsion subgroup of U^ (1). Therefore,
U^ (1)/(U^ (1))p 4 T/Tp À Z/pZ[G].
If the pth roots of unity do not belong to K˜^, then T/Tp is trivial since the
order of T is prime to p; thus, U^ (1)/(U^ (1))p and U^ (1)/U^ (p) have the same
order; therefore, the natural map
U^ (1)/(U^ (1))p0 U^ (1)/U^ (p)
is an isomorphism, because the map is surjective and the two groups have
the same order. Hence, in this case we have dim(U^ (1)/U^ (p))(k)=1 for
each character k of G and in particular for k=q −.
However, if the pth roots of unity do belong to K˜^, then U^ (1)/(U^ (1))p
has dimension p, so the kernel of the natural map
U^ (1)/(U^ (1))p0 U^ (1)/U^ (p)
is of dimension 1. (Also note that, by Lemma 2.7, dim(U^ (1)/U^ (p))(k)
equals 1 if k ] g and equals 2 if k=g.) We proceed in this case by noticing
that K˜^=Qp(mp); we work directly with U^ (1)/U^ (p). Let p=1−z, where z
is a pth root of unity in K˜^. If c is a positive integer prime to p, let sc be
the automorphism of K˜^/Qp such that sc(z)=zc. Note that
sc(p)/p=(1−zc)/(1−z)=1+z+z2+· · ·+zc−1
— c (mod p) — g(sc) (mod p),
so that for any positive integer k, sc(pk)/pk — gk(sc) (mod p), or
sc(pk) — gk(sc) ·pk (mod pk+1). Now let k be an integer, 1 [ k [ p−1.
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Then 1+pk is a representative for a basis of the one-dimension Fp-vector
space U^ (k)/U^ (k+1). Since
sc(1+pk) — 1+gk(sc) ·pk(mod pk+1) — (1+pk)g
k(sc) (mod pk+1),
it follows that dim(U^ (1)/U^ (p))(gk)=1 for 1 [ k [ p−1; i.e., that
dim(U^ (1)/U^ (p))(k)=1 for each character k of G, and in particular for
k=q −.
In fact, C˜ − is an q −-component and hence the image of f is contained in
(U^ (1)/U^ (p))(q −), and so the image of f is of dimension [ 1 over Z/pZ.
Therefore, we conclude that the codimension of C˜ − in C˜ is less than or
equal to 1. L
We note that we obtained dim(U^ (1)/U^ (p))(q −)=1 in the proof above.
This result will be applied to the proof of Lemma 2.9.
From Theorem 2.3 we have the relationships
r˜ −=r−dim E˜+d and dim C˜ −=r˜ −+dim E˜,
where d is the codimension of C˜ in C2 −. Since codim C˜ [ 1, d is either 0 or 1.
Since K˜ is totally imaginary, dim E˜=0. Hence, r˜ −=r+d and dim C˜ −=r˜ −.
Therefore, we have only two cases, as follows: either d=0 and r˜ −=r or
d=1 and r˜ −=r+1.
Notation. We denote by P(r=b) the probability that the p-rank r of
ClK(p) is b.
In order to show the compatibility, we need to know the conditional
probability that P(d=0 | r˜ −=b). We make the following
Assumption.
P(d=0 | r˜ −=b)=
1
pb
. (14)
We can make this assumption plausible as follows. In Proposition 2.8,
we constructed a natural map
f: C˜ −0 U^ (1)/U^ (p) (q −)
and we showed that C˜ is the kernel of f and that U^ (1)/U^ (p)(q −) is one-
dimensional. Hence, d (=the codimension of C˜ in C˜ −) equals zero if only if
f is the zero map. If we assume that r˜ −=b, then there are pb maps from C˜ −
to U (1)^ /U
(p)
^ (q
−); if we assume that f has an equal chance of being any of
these maps, then the probability that f is the zero map, given that C˜ − has
p-rank equal to b, is 1/pb.
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From the assumption above, we have the conditional probability that d
takes 1 knowing that r˜ − takes the value b as follows:
P(d=1 | r˜ −=b)=1−1/pb. (15)
Now, we are ready to show that the conjectural probabilities on the
p-rank of the class group given by Cohen and Martinet conjectures are
compatible with the Spiegelungssatz. As we proved in Proposition 2.6 by
assuming the conjectures of Cohen and Martinet, the probability that the
p-rank r˜ − of (ClK˜(p))qŒ is equal to a is given by
p−a
2
·g.(p) ·D
i=a
i=1
(1−p−i)−2.
Now, we want to deduce the probability about the p-rank of the class
group of a quadratic field K by applying Theorem 2.3. and using the
probability about K˜ given by Cohen–Lenstra heuristics.
P(r=a)
=P(d=0, r˜ −=a)+P(d=1, r˜ −=a+1)
=P(r˜ −=a)·P(d=0 | r˜ −=a)+P(r˜ −=a+1) ·P(d=1 | r˜ −=a+1)
=p−a
2
·g.(p) D
i=a
i=1
(1−p−i)−2 · p−a
+p−(a+1)
2
g.(p) D
i=a+1
i=1
(1−p−i)−2 (1−p−(a+1))
by Proposition 2.6, (14), and (15).
=g.(p) · D
i=a
i=1
(1−p−i)−2 · p−a
2−a · [1+p−(a+1)(1−p−(a+1))−1]
=g.(p) · D
i=a
i=1
(1−p−i)−2 · p−a(a+1) ·1 1
1−p −(a+1)
2
Therefore,
P(r=a)=p−a(a+1) ·g.(p) ·D
i=a
i=1
(1−p−i)−2 · (1−p−(a+1))−1,
which is exactly equal to the probability conjectured by Cohen and
Lenstra. In an analogous way we can find the probability about K˜; i.e.,
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P(r˜ −=a) by starting from the probability about K; i.e., P(r=a), and
applying the Spiegelungssatz. Therefore, the probabilities P(r=a) and
P(r˜ −=a) conjectured by Cohen and Lenstra are compatible with the
Spiegelungssatz.
2.3. Compatibility in the Case of Cyclic Extensions of Prime Degree
In this section we consider a cyclic extension K of degree q over Q and in
this case we show that the Spiegelungssatz is also compatible with the
conjectural probabilities on the p-rank of the class group of K and the class
group of K˜, the reflection field of K, obtained by Cohen and Lenstra.
Let p be an odd prime number, and q be a prime number dividing p−1.
Let K be a cyclic extension Q(b) of degree q over Q such that b ¨ Q(zp).
Then K is totally real and Q(zp) 5K=Q.
Let s be such that s(zp)=zp g, which is a primitive pth root of unity,
where g is of order p−1 in (Z/pZ) ×. Then Gal(Q(zp)/Q) is generated by s.
We take s as a generator of Gal(Q(b)/Q).
Let L be a compositum of K and Q(zp), i.e. L=Q(zp, b). We view s as a
generator of Gal(L/K) and s as a generator of Gal(L/zp). Let C=
Gal(Q(b)/Q). Then C 5 (Z/qZ). Letting AC be the maximal order in the
ring Q(C)/(;g ¥ C g), clearly AC is Z[zq], where zq is a primitive qth root
of unity.
L
OsP : OsP
Q(zp) K˜ K=Q(b)
p−1
: q
Q
Let q be a character of G=Gal(L/Q), q: G0 (Z/pZ) × such that q(s)=1
and q(s)=e, where e is an element in (Z/pZ) × of order q.
Let g be the cyclotomic character, g: G0 (Z/pZ) × such that g(s)=1
and g(s)=g. Then the reflection character q − of q satisfies the following:
q −(s)=g(s) ·q(s−1)=g and q −(s)=g(s) ·q(s−1)=e−1.
We see that K is the fixed field in L of Ker q, which is OsP. Set K˜ as the
fixed field in L of Ker q −. Then indeed K˜ is a CM-field since q −(j)=
q −(s (p−1/2))=g(p−1/2)=−1 and K˜ is fixed by the kernel of q −, where j is a
complex conjugation.
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Let b1=b and b2, b3, ..., and bq be all other conjugates of b. Then one
can show that K˜ has an explicit expression as follows:
K˜=Q(zp ·b1+zp e ·b2+zp e
2
·b3+· · ·+zp e
q−1
·bq)=Q 1 Cq−1
i=0
zp
e
i
·bi+1 2 .
We know that q − is of order p−1 and therefore Gal(K˜/Q) is cyclic of
order p−1. Applying Lemma 1.7, we have the isomorphisms
(ClL(p))q 4 (ClLq (p))q 4 (ClK(p))q, (16)
(ClL(p))qŒ 4 (ClLqŒ (p))qŒ 4 (ClK˜(p))qŒ. (17)
The Spiegelungssatz says that the p-rank of (ClL(p))q and the p-rank of
(ClL(p))qŒ differ at most by 1.
By an argument similar to that in Proposition 2.6 we can show that the
probability that the p-rank rqŒ of (ClK˜(p))qŒ is equal to a is given by
P(rqŒ=a)=p−a
2
g.(p) D
i=a
i=1
(1−p−i)−2. (18)
On the other hand, by applying Cohen–Martinet heuristics we find the
probability that the p-rank rq of (ClK˜(p))rq equals a in the following
lemma.
Proposition 2.9. Assuming the conjectures Cohen–Martinet, the proba-
bility that the p-rank rq of (ClK(p))q equals a is
P(rq=a)=p−a(a+1) ·g.(p) ·D
i=a
i=1
(1−p−i)−2 · (1−p−(a+1))−1. (19)
Proof. Let C be the Galois group of K/Q. Then C 4 Z/qZ. In this case
q is the bad prime. AC denotes the maximal order in the ring
Q[C]/(;g ¥ C g), so that AC is equal to Z[zq]. Since p — 1 (mod q), p splits
completely in AC. Let ^1, ^2, ..., ^q−1 be the primes above p. Then we
have the following decomposition:
ClK(p) 4 ClK(^1) À ClK(^2) À · · · À ClK(^q−1);
ClK(p) 4 (ClK(p))q À (ClK(p))q2 À · · · À (ClK(p))qq−1
Comparing both decompositions, we have
(ClK(p))q 4 ClK(^i) for some i, 1 [ i [ q−1. (20)
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Therefore, P(rp(ClK(p)q)=a) is equal to a P(r^i (ClK(^i))=a), where
rp(ClK(p)q) is the p-rank of (ClK(p))q as Z-module and r^i (ClK(^i)) is the
^i-rank of ClK(^i) as a AC-module; i.e., a Z[zq]-module.
Let the idempotent e1=
1
|C|;s ¥ C s, and, let e=1−e1, which is the idem-
potent of Q[C], orthogonal to the idempotent e1. The e-rank of the unit
group of K is the rank of the e(Q éD)-module e(Q é EK), where D is the
maximal order of Q[C] containing Z[C] and EK is the unit group of K. In
a way similar to that in the proof of Proposition 2.6., we can show that the
e-rank u of EK is equal to 1. In addition, the set of bad primes for e1, S is
equal to {q} .
Therefore, according to Cohen–Martinet heuristics, the probability of
a nice property over the set {M: Gal(M/Q) 4 C and the e-rank of EM
equals u} (here e=1−e1, u=1) can be computed. Therefore, we obtain the
identities:
P(rq=a)
=P(rp(ClK(p)q)=a)
=P(r^i (ClK(^i))=a)
=(N^i)−a(a+1) ·g.(^i) · D
j=a
j=1
(1−(N^i)−j)−2 · (1−(N^i)−(a+1))−1
by Theorem 1.10
=p−a(a+1) ·g.(p) · D
j=a
j=1
(1−p−j)−2 · (1−p−(a+1))−1
since N^i=p from the fact that the residual class degree f is 1. L
In order to prove our compatibility in this situation we need an analogue
of Theorem 2.3, which also holds for this case. It is verified in exactly the
same way as in Theorem 2.3. However, for Part (i) of Theorem 2.3 we need
a sharper version as follows.
Lemma 2.10. (ClK(p))q is isomorphic to C˜.
Proof. We use the same notation as in the proof of Theorem 2.3. As we
showed in the proof of Theorem 2.3 we have the following nondegenerate
bipairing:
eq Gal(LH/L)× eqŒCQ mp=pth roots of unity
We define the pairing by Oh, a¯P=h(a1/p)/a1/p.
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By the same argument as that in Theorem 2.3 and by Lemma 1.7 we
have the following isomorphisms of abelian groups:
C˜=eqŒC 4 eq Gal(LH/L) 4 (ClL(p))q 4 (ClK(p))q.
Therefore, we have (ClK(p))q 4 C˜. L
Finally, we show that the Spiegelungssatz is compatible with the conjec-
tures about K and K˜ given by Cohen and Martinet. As before, the proba-
bility that the p-rank rq of (ClK(p))q is equal to a is denoted by P(rq=a).
Showing that Theorem 2.3 holds for this cyclic extension case as well, we
have the relations
rqŒ=rq−dim E˜+d and dim C˜ −=rqŒ+dim E˜,
where d is the codimension of C˜ in C2 −. Since codim C˜ [ 1, d is either 0 or 1.
Since K˜ is totally imaginary, dim E˜=0. Hence, rqŒ=rq+d and dim C˜ −=
rqŒ. Therefore, we have only two cases: either d=0 and rqŒ=rq or d=1
and rqŒ=rq+1.
In order to show the compatibility, we need to know the conditional
probability P(d=0 | rqŒ=b). In a way similar to (14) in Section 2.2 we
make the following
Assumption.
P(d=0 | rqŒ=b)=1/pb. (21)
Thus, we have
P(d=1 | rqŒ=b)=1−1/pb. (22)
Now, we are ready to show that the conjectural probabilities on the p-
rank of the class group given by the Cohen and Martinet conjectures are
compatible with the Spiegelungssatz. As mentioned before (see (18)),
assuming the conjectures of Cohen–Martinet, we have that the probability
that the p-rank rqŒ of (ClK˜(p))qŒ is equal to a is given by
p−a
2
·g.(p) ·D
i=a
i=1
(1−p−i)−2.
Now, we want to deduce the probability about the p-rank of (ClK(p))q by
applying Theorem 2.3 and using the probability about K˜ given by
Cohen–Martinet heuristics.
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P(rq=a)
=P(d=0, rqŒ=a)+P(d=1, rqŒ=a+1)
=P(rqŒ=a)·P(d=0 | rqŒ=a)+P(rqŒ=a+1) ·P(d=1 | rqŒ=a+1)
=p−a
2
·g.(p) D
i=a
i=1
(1−p−i)−2 p−a
+ p−(a+1)
2
g.(p D
i=a+1
i=1
(1−p−i)−2 (1−p−(a+1))
by (18), (21), and (22).
=g.(p) ·D
i=a
i=1
(1−p−i)−2 · p−a(a+1) · (1/1−p−(a+1)).
Hence, we have
P(rq=a)=p−a(a+1) ·g.(p) ·D
i=a
i=1
(1−p−i)−2 · (1−p−(a+1))−1,
which is exactly the same as the probability obtained in Proposition 2.9. In
addition, in an analogous way we can find the probability about K˜, i.e.
P(rqŒ=a), by starting from the probability about K, i.e. P(rq=a), and
applying the Spiegelungssatz. Therefore, the probabilities P(rq=a) and
P(rqŒ=a) conjectured by Cohen and Lenstra are compatible with the
Spiegelungssatz.
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